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We calculate the nuclear spin-lattice relaxation time and the Knight shift for the case of gapped
graphene systems. Our calculations consider both the massive and massless gap scenarios. Both the
spin-lattice relaxation time and the Knight shift depend on temperature, chemical potential, and the
value of the electronic energy gap. In particular, at the Dirac point, the electronic energy gap has
stronger effects on the system nuclear magnetic resonance parameters in the case of the massless gap
scenario. Differently, at large values of the chemical potential, both gap scenarios behave in a similar
way and the gapped graphene system approaches a Fermi gas from the nuclear magnetic resonance
parameters point of view. Our results are important for nuclear magnetic resonance measurements
that target the 13C active nuclei in graphene samples.
PACS numbers: 71.10.Pm,71.20.Tx,76.60.-k
I. INTRODUCTION
Graphene, a two-dimensional (2D) carbon based ma-
terial, has attracted a lot of research interest due to its
unconventional physical properties and its various prac-
tical applications [1, 2].
The carbon atoms in graphene are arranged in a hexag-
onal, honeycomb structure that can be seen as a trian-
gular lattice with two atoms per unit cell. Of major im-
portance are the two inequivalent points (K and K ′) at
the corners of the graphene Brillouin zone. The elec-
tronic properties of monolayer graphene are those of a
semimetal and they are due to a band structure that ex-
hibits a Fermi surface that is reduced to the two points K
and K ′ (the so-called Dirac points) with a zero density
of states at the Fermi energy. The low-energy excita-
tions around K (K ′) are characterized by quasiparticles
that follow a linear dispersion in the vicinity of the Fermi
points [3]
E±(k) = ±vFk +O((k/K)
2) , (1)
with Dirac fermions moving at a speed vF about 300
times smaller than the speed of light [4, 5]. Consequently,
many of the physical properties of graphene are similar to
properties characteristic to the physics of quantum elec-
trodynamics, although at much lower speed. In partic-
ular, when subject to external magnetic fields graphene
exhibits an anomalous integer quantum Hall effect that
can be observed at room temperature [6–8], a phenomena
that is strictly related to the Dirac fermions behavior.
From the applications point of view, the 2D graphene
is a very promising high quality material. As men-
tioned, graphene has a linear, gapless, energy spectrum
and exhibits a metallic-like electric conductivity even in
the limit of low carrier concentration. However, despite
graphene’s outstanding physical properties, most elec-
tronic applications require the presence of a gap between
the conduction and the valence bands. One possibility to
open a gap in the graphene’s energy spectrum is to use
geometry confinement as in quantum dots or nanorib-
bons [9–14]. Differently, Zhou et al. [15, 16] proved that
when graphene is epitaxially grown on SiC substrate a
gap of about 2∆ ∼ 0.26 eV opens in its energy spec-
trum, leading to a dispersion relation (massive gapped
spectrum)
Ems± (k) = ±
√
(vF k)2 +∆2 . (2)
Angle resolved photoemission spectroscopy (ARPES) in
epitaxially grown graphene proved that the magnitude
of the band-splitting gap decreases as the number of lay-
ers in the system increases [15]. Similar ARPES results
were reported by Bostwick et al. [17, 18], although the
explanation for the nature of the energy gap differs. In
particular, the dispersion relation for the massive gaped
spectrum (see Eq. (2)) cannot describe correctly the elec-
tronic dispersion far from the Dirac point. Benfatto and
Cappelluti [19] proposed a phenomenological gap sce-
nario that aims to reconcile the gapped nature of the
system’s electronic spectrum and the massless charac-
ter of the fermions in graphene. In this second scenario
(massless gapped spectrum), the electron dispersion re-
lation is given by
Eml± (k) = ±(vFk +∆) . (3)
The massless gapped scenario seems to correctly account
for spectroscopic measurements in epitaxially grown
graphene.
Low dimensional carbon systems that are based on
graphene structures such as graphene monolayers and bi-
layers, carbon nanotubes and ribbons, or graphene quan-
tum dots, all display a variety of interesting properties
that are intrinsically due to Dirac fermions [4, 5]. In gen-
eral, the linear or gapped graphene electronic spectrum
leads to significant deviations from the standard Fermi
liquid properties of a metal. For example, using 13C nu-
clear magnetic resonance (NMR), Singer et al. found
2evidence for a gap opening in the electronic excitation
spectrum of carbon nanotubes [20]. Additionally, the ra-
tio 1/T1T (T1 - is the nuclear spin relaxation time and
T is the temperature) follows the expected Korringa law
[21] at high temperatures, but consistently deviates from
the standard metallic behavior in the low temperature
limit [20]. Dora et al. explained the anomalous behavior
of the NMR data in carbon nanotubes using a combi-
nation of the Luttinger liquid and Luther-Emery liquid
theories (interacting one dimensional electronic systems
without and with a gap, respectively) [22].
The NMR investigation of carbon based systems is dif-
ficult as only the isotope 13C (natural abundance 1.1%)
has a non-zero nuclear spin, therefore the need for special
graphene samples enriched with this particular isotope
[23]. Although the hyperfine interaction was predicted to
be of the order of 1µeV and highly anisotropic [24, 25],
experimental measurements in carbon nanotubes found
its value about two orders of magnitude higher around
100 µeV [26]. Also, the local hyperfine magnetic field in
magnetic carbon based materials was estimated to be of
the order of 18 - 21 T [27].
Theoretically, NMR in graphene samples was investi-
gated by several authors [28–30]. Dora and Simon cal-
culated the Knight shift and the spin-lattice relaxation
time for a single sheet of carbon atoms and identified
three possible regimes for the system: Fermi gas, Dirac
gas, and an extreme quantum limit behavior [28]. Simi-
lar deviations from the standard metallic behavior were
reported for NMR in graphene samples using a tight-
binding model for both single layer systems [29] and bi-
layer systems [30].
Here, we provide an analytical investigation of the
NMR Knight shift and spin-lattice relaxation time for
the case of a gapped graphene system. Our analysis in-
cludes both the massive and massless gapped spectrum
scenarios. We specifically discuss the influence of the
gap on the system’s NMR properties and analyze the
possible crossover between Dirac and Fermi liquid mod-
els. The paper is organized as follows: In section II we
discuss the system’s density of states for massive and
massless fermions. In Section III we present results for
the system’s NMR properties and we discuss the possi-
ble crossover between the Dirac and Fermi liquid models.
Finally, in the last section we present our conclusions.
II. THEORETICAL MODEL
Single layered graphene systems in the low energy limit
can be described by the two dimensional Dirac hamilto-
nian
H0 = vF (σxpx + σypy) , (4)
where vF is the Fermi (Dirac) velocity, k is the momen-
tum relative to the K (K’) point, and σi are the 2×2
Pauli matrices. The hamiltonian’s corresponding eigen-
values are given by Eq. (1) and the system’s density of
(E
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FIG. 1: (Color online) Electronic density of states as function
of energy for pure graphene (blue line), gapped graphene in
the massive gapped scenario (red line), and gapped graphene
in the massless gapped scenario (black line).
states has a simple linear form [4]:
ρ(E) = ρ0|E| , (5)
where ρ0 = Ac/2piv
2
F (Ac is the unit cell area).
To account for a gap opening in the electronic spectrum
of graphene, an additional term
H1 ∝ ∆σz (6)
has to be included in the system’s hamiltonian. Usually,
this term is related to an inequivalence between the A
and B sublattices of graphene [15]. Theoretically, Manes
et al. proved that a similar gap can open when a transla-
tionally invariant perturbation acts on the graphene sys-
tem [31]. The main effect due to this additional term in
the hamiltonian is the change in the system’s electronic
energy dispersion relation, in this case the Dirac fermions
spectrum being well described by Eq. (2). Accordingly,
the system’s density of states has a slightly different form
[32, 33]
ρms(E) = ρ0|E|Θ(E
2 −∆2) , (7)
with Θ(x) being the standard step function. In this case,
in the low energy limit, the graphene electrons acquire a
finite mass
Ems± (k) ≃ ±
(
∆+
k2
2meff
)
, (8)
with the effective electron mass meff = ∆
2/v2F . The
massive gapped scenario was used to describe ARPES
data [15], although it is still controversial if the model
correctly describe the experimental data. In particular,
far from the Dirac points, the model fails to correctly
3describe the shape of the ARPES curves. Additional dif-
ferences between the theoretical model and the experi-
mental data appear also in the shape of the dispersion
spectrum at finite k (away from K (K ′) point), when
instead of the predicted parabolic behavior, the exper-
imental ARPES data show more of a linear, massless,
dispersion.
In the second scenario, Benfatto and Cappelluti [19] in-
troduced a gap in graphene’s electron spectrum using a
phenomenological structure for the system’s self-energy,
but at the same time conserving the massless character-
istics of the Dirac electrons (see Eq. (3)). In this case
the corresponding density of states can be evaluated to
be
ρ(E) = ρ0 (|E| −∆)Θ(|E| −∆) . (9)
In Figure 1 we present the electronic density of
states for single-layered graphene (blue line) and gapped
graphene in the two scenarios: massive gapped scenario
(red line) and massless gapped scenario (black line). Note
that in the massless gapped scenario the system’s density
of states does not extrapolate to zero at the Dirac point.
III. NMR PARAMETERS
NMR is one of the most developed experimental tech-
niques with wide applications in many scientific fields. In
NMR experiments, an external magnetic field is used to
polarize nuclei across the investigated sample, and there-
after, using a perpendicular variable magnetic field we
can induce transitions in the nuclear system and measure
resonance frequencies [21]. There are two important pa-
rameters that can be measured in NMR spectroscopy, i.e.,
the nuclear spin-lattice relaxation time T1 and the shifts
of the NMR resonances. Various types of interactions
can influence these parameters [21]. In a metal, the hy-
perfine interaction between nuclear and electronic spins
described by the standard Fermi contact term, leads to a
temperature independent shift in the NMR spectrum res-
onances (Knight shift) and to the well known Korringa
relation, 1/(T1T ) ∼ constant [21].Dora and Simon in-
vestigated the unusual hyperfine interaction in graphene
monolayer systems and found strong deviations for the
graphene NMR parameters compare to the correspond-
ing ones in standard metals [28]. In graphene monolayer
systems the Fermi contact term in the electron-nuclear
spin interaction Hamiltonian differs significantly from the
corresponding term in standard metals: r×j replaces the
usual term r × p. Note that in graphene systems j ∼ σ
(σ is a vector of the Pauli matrices), and therefore all the
changes in the NMR parameters behavior. Additionally,
Dora and Simon found that the systems is characterized
by three different regimes: Fermi gas, Dirac gas, and ex-
treme quantum limit, with NMR parameters behaving
differently in each of these limits [28]. Frota and Ghosh
reported similar deviations from the standard Korringa
relation when they studied the main NMR parameters
for graphene samples in the framework of a tight-binding
model [30]. The role of the hyperfine interaction was also
considered in carbon based nanotubes and quantum dots
[34, 35].
The spin-lattice relaxation time and the Knight shift
can be calculated as [21]
1
T1T
=
C2pikB
h¯
∫ ∞
−∞
[ρ(ω)]2dω
4kBT cosh
2 [(ω − µ)/2kBT ]
(10)
and
K =
Aγe
2γn
∫ ∞
−∞
ρ(ω)dω
4kBT cosh
2 [(ω − µ)/2kBT ]
. (11)
Above, kB is the Boltzmann constant, T is the temper-
ature, γe is the electron gyromagnetic ratio, γn is the
nuclear gyromagnetic ratio, µ is the electron chemical
potential, and A is the hyperfine constant. The other
constant, C, is defined using both the hyperfine constant
A and the orbital interaction constant, Jorb [28]. In par-
ticular, both parameters, the spin-lattice relaxation time
and the Knight shift, should be anisotropic, however, an
argument can be made that due to the orbital interaction
in graphene both parameters can be considered isotropic
[24, 28].
In the following, we will estimate the NMR parame-
ters for both the massive gapped and massless gap sce-
narios in a two dimensional graphene system. Equations
(10) and (11) are expected to hold even in the case of
a gapped electronic system. The standard procedure in-
volved in the derivation of the electron-nuclear spin in-
teraction Hamiltonian requires the replacement of the
electron momentum p with the generalized momentum
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FIG. 2: (Color online) The 1/T1T ratio as function of ∆/kBT
for gapped graphene close to the Dirac point (µ/kBT → 0)
(black line - massive gap scenario; red line - massless gap
scenario).
4p+ eA, where A is the vector potential due to the mag-
netic field produced by the nuclear spin. As the energy
gap in the electron spectrum is momentum independent,
its presence will not influence the form of the hyperfine
interaction, and accordingly the standard equations for
the nuclear spin relaxation time and Knight shift will
hold.
A. The spin-lattice relaxation time
The spin-lattice relaxation time in the case of
single-layered graphene samples behaves as 1/(T1T ) ∼
max [µ2, T 2], so its temperature dependence is relevant
only close to the Dirac point (small chemical potential
µ). The situation is different in the presence of impu-
rities, when the system’s density of states changes and
the spin-lattice relaxation time reproduces the Fermi-gas
behavior [28, 36].
We can calculate the spin-lattice relaxation time for
the gapped graphene system in the two different scenarios
using Eq. (10) along with Eqs. (7) and (9). In the case
of the massive gap scenario one finds:
1
T1T
=
C2pikBρ
2
0
h¯

µ2 +
(pikBT )
2
3
+ ∆2

 1
1 + exp
[
− µ−
kBT
] − 1
1 + exp
[
− µ+
kBT
]


+2kBT∆
[
ln
(
1 + exp
[
µ+
kBT
])
+ ln
(
1 + exp
[
µ−
kBT
])]
+2 (kBT )
2
[
Li2
(
1 + exp
[
µ+
kBT
])
− Li2
(
1 + exp
[
µ−
kBT
])]}
, (12)
where µ± = µ±∆, and
Li2(x) = −
∫ x
0
dt
ln (1 − t)
t
(13)
is the dilogarithm function. On the other hand, in the case of the massless gap scenario we have
1
T1T
=
C2pikBρ
2
0
h¯
{
µ2+ +
(pikBT )
2
3
+ 2 (kBT )
2
[
Li2
(
1 + exp
[
µ+
kBT
])
− Li2
(
1 + exp
[
µ−
kBT
])]}
. (14)
Note that for both case scenarios in the limit ∆→ 0 we
recover the previous result for single-layered two dimen-
sional graphene systems [28]
1
T1T
=
C2pikBρ
2
0
h¯
[
µ2 +
(pikBT )
2
3
]
. (15)
Figure 2 presents the spin-lattice relaxation time as
function of the gap magnitude around the Dirac point
(µ → 0 limit). The spin-lattice relaxation time behavior
is very similar in the two scenarios. In the small gap limit,
∆/kBT ≪ 1, the spin-lattice relaxation time at the Dirac
point behaves similar to the pure graphene case, i.e., T1 ∼
T−3, and the nuclear spins are not relaxed by conduction
electrons at T = 0. In the large gap limit, ∆/kBT ≫ 1,
1/T1 → 0 even at finite temperatures, and the presence
of an energy gap in graphene’s electronic spectrum means
that the nuclear spins will not be relaxed by conduction
electrons as long as the gap is large enough.
B. The Knight shift
The Knight shift for single-layered two dimensional
graphene samples behaves as K ∼ max [|µ|, T ], or as
K ∼ Γ ln (D/Γ) in the presence of impurities [28] (Γ is
the scattering rate and D is the cutoff in the continuum
theory).
In the case of the gapped graphene, the Knight shift
can be evaluated using Eq. (11) and Eqs. (7) and (9).
In the massive gap scenario we find:
K =
Aγeρ0
2γn

−µ+∆

 1
1 + exp
[
− µ−
kBT
] − 1
1 + exp
[
− µ+
kBT
]


5+kBT
[
ln
(
1 + exp
[
µ+
kBT
])
+ ln
(
1 + exp
[
µ−
kBT
])]}
.
(16)
In the massless gap scenario the Knight shift is given by
K =
Aγeρ0
2γn
{
−µ+ + kBT
[
ln
(
1 + exp
[
µ+
kBT
])
+ ln
(
1 + exp
[
µ−
kBT
])]}
. (17)
Again, in the limit ∆→ 0 the previous result for single-
layered graphene systems is recovered [28]
K =
Aγeρ0kBT
γn
ln
[
2 cosh
(
µ
2kBT
)]
. (18)
Figure 3 presents the Knight shift as function of the
gap magnitude around the Dirac point. As a general
result the Knight shift cancels in the large gap limit for
both case scenarios.
Standard Fermi gases obey the Korringa relation, i.e.,
the ratio RF = (1/T1TK
2)F is a constant (RF =
4pikB(γn/γe)
2/h¯). Dora and Simon [28] analyzed this
ratio for pure two-dimensional graphene and found that
based on the value of the chemical potential the system
is subject to a crossover from a Dirac gas at low chemi-
cal potential values, µ/kBT ≪ 1, to a Fermi gas at high
chemical potential values, µ/kBT ≫ 1. In particular, for
a Dirac gas, the Korringa ratio
1
T1TK2
=
(
1
T1TK2
)
F
(
C2
A2
)
F
(
µ
kBT
)
, (19)
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FIG. 3: (Color online) The Knight shift K as function
of ∆/kBT for gapped graphene close to the Dirac point
(µ/kBT → 0) (black line - massive gap scenario; red line -
massless gap scenario).
with
F (x) =
3x2 + pi2
12 ln2 [2 cosh (x/2)]
. (20)
In the Dirac gas limit, at the Dirac point, F (0)=1.71,
although in the opposite limit, µ/kBT → ∞, F (∞) = 1
and the Fermi gas behavior is recovered.
In a gapped graphene system, the same ratio depends
both on the chemical potential and on the size of the
energy gap
1
T1TK2
=
(
1
T1TK2
)
F
(
C2
A2
)
G
(
µ
kBT
,
∆
kBT
)
, (21)
where G(x, y) is a general function who’s exact form de-
pends on the gap scenario (massive vs massless) we con-
sidered. Strictly at the Dirac point, µ/kBT = 0, the value
G(0,∆/kBT ) is higher for the massless gap scenario, with
the exception of G(0, 0), where the two gap scenarios give
the same value for the Korringa ratio, G(0, 0)=1.71. Fig-
ure 4 highlights the dependence of the Korringa ratio on
the value of the energy at the Dirac point for the two
possible scenarios.
Figure 5 presents the Korringa ratio as function of the
chemical potential µ/kBT for different values of the elec-
tronic energy gap, ∆/kBT , for the massive gap scenario
(Fig. 5a) and the massless gap scenario (Fig. 5b), re-
spectively. As we already discussed, the Korringa ratio
is bigger in the case of the massless gap scenario for the
same value of the energy gap when the system approaches
the Dirac point, µ/kBT ≪ 1. On the other hand, on
the opposite limit µ/kBT ≫ 1, both scenarios are char-
acterized by the same Korringa ratio, 1/T1TK
2 = RF .
In other words, at large chemical potential values, the
gapped graphene system behaves as a regular Fermi gas,
regardless the gap scenario we consider.
IV. CONCLUSIONS
In summary we considered the NMR parameters for
the case of gapped graphene systems. The possibility
of a gap opening in the electronic spectrum of graphene
samples was studied within two scenarios: the massive
gap scenario [15] and the massless gap scenario [19]. Al-
though both scenarios are phenomenological in nature,
some theoretical arguments support their assumptions.
6In the first case, the inequivalence of graphene’s two sub-
lattices A and B can break the system’s symmetry and
leads to a modified electronic energy spectrum [15, 31].
On the other hand, in the second case, the gap is similar
to an order parameter and is the consequence of many-
body effects [37].
Although within the reach of NMR spectroscopy,
graphene samples suffer from the lack of active nuclei, as
only the 13C isotope has a non-zero nuclear spin value.
Therefore, NMR in graphene samples was demonstrated
for 13C specially enriched samples [23]. On the other
hand, from the theoretical point of view, several studies
analyzed the nuclear spin-lattice relaxation time and the
Knight shift related to the electron - nuclear spin inter-
action in graphene samples [28, 30, 34, 35].
We considered the spin-lattice relaxation time and the
Knight shift for the case of gapped graphene. Our analyt-
ical results, obtained for both massive and massless gap
scenarios, are valid for the case when Landau levels can
be neglected in graphene’s electronic spectrum. Within
both gap scenarios, the spin-lattice relaxation time and
the Knight shift are strongly influenced by the presence
of an energy gap in the electronic spectrum of the sys-
tem. For both case scenarios we recover previous results
for the spin-lattice relaxation time and the Knight shift
obtained for single-layered graphene in the absence of
the energy gap ∆ → 0. For finite energy gaps, in par-
ticular at the Dirac point (µ → 0), the massless gap
scenario is showing a stronger dependence on the value
of the gap-temperature ratio for both the spin-lattice
relaxation time and Knight shift. At a fixed tempera-
ture, for small gap values, ∆/kBT ≪ 1, T1 ∼ T
−3, and
the nuclear spins are not relaxed by conduction electrons
when T → 0. On the other hand, for large gap values,
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FIG. 4: (Color online) The Korringa ratio as function
of ∆/kBT for gapped graphene close to the Dirac point
(µ/kBT → 0) (black line - massive gap scenario; red line -
massless gap scenario).
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FIG. 5: (Color online) The Korringa ratio as function of the
chemical potential µ/kBT for different values of the energy
gap (black line - ∆/kBT = 0; red line - ∆/kBT = 0.5; blue
line - ∆/kBT = 1) in the two gap scenarios ((a) - massive gap
scenario; (b) - massless gap scenario).
∆/kBT ≫ 1, 1/T1 ∼ 0, and the nuclear spins are not
relaxed by conduction electrons regardless the value of
the system’s temperature. In the low gap limit, at fixed
temperatures, the Knight shift appears to be larger in
the case of the massive gapped scenario. In the opposite
limit, for large values of the electron gap, for both case
scenarios the Knight shift cancels.
The Korringa ratio, 1/T1TK
2, can be used to esti-
mate the metallic character of the system. In the case of
a Fermi gas this ratio is a constant. Our analytical cal-
culations proved that in the case of the gapped graphene
system the Korringa ratio is a function of the system’s
chemical potential, the value of the electronic gap, and
temperature. At fixed temperatures, close to the Dirac
point µ/kBT → 0, the Korringa ratio is finite and in-
creases faster as function of the electronic gap in the
massless gap scenario. As function of the system’s chem-
ical potential, µ/kBT , the Korringa ratio approaches the
Fermi gas value in the limit µ/kBT ≫ 1, independent of
the value of the energy gap.
Based on the system’s NMR parameters one can dis-
cuss the nature of electronic system in gapped graphene,
i.e., Dirac gas vs. Fermi gas. Figure 5 suggests that the
system behaves as a Dirac gas for all values of the energy
gap (including ∆/kBT = 0) in the limit of a low chem-
ical potential µ/kBT ≪ 1. On the other hand, at large
chemical potential values µ/kBT ≫ 1 the system behaves
as a Fermi gas for all values of the energy gap. Figure
5 suggests that the crossover from the Dirac gas to the
Fermi gas is almost independent of the energy gap value
for both considered scenarios. In general, the chemical
potential value can be controlled by doping or by exter-
nal voltages. Differently, the crossover between the Dirac
and Fermi gasses, can be also triggered by temperature
if one fixes the values of the chemical potential and the
7energy gap in the system.
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